arXiv: 1504.07173v4 [math.PR] 22 May 2015 


Stochastic duality of ASEP with two particle types via symmetry of 

quantum groups of rank two 

Jeffrey Kuan 
May 25, 2015 


Abstract 

We study two generalizations of the asymmetric simple exclusion process with two types of particles. 
Particles of type 1 can jump over particles of type 2, while particles of type 2 can only influence the jump 
rates of particles of type 1. We prove that the processes are self-dual and explicitly write the duality 
function. As an application, an expression for the r-th moment of the exponentiated current is written 
in terms of r-particle evolution. 

The construction and proofs of duality are accomplished using symmetry of the quantum groups 
U q (p\ 3 ) and U q (s p 4 ), with each node in the Dynkin diagram corresponding to a particle type, and the 
number of edges corresponding to the jump rates. 


1 Introduction 

The asymmetric simple exclusion process (ASEP) is a widely studied model in mathematics and physics. 
Particles occupy a one-dimensional lattice, with at most one particle at each site. The particles jump to 
neighboring sites asymmetrically, meaning that particles will drift to either the right of the left. If the 
particle jumps to an occupied site, the jump is blocked. 

In [5], [TO] and ESI. there is additionally a second-class particle. This particle jumps according to the 
same rule as ASEP. However, if a first-class particle attempts to jump to a site occupied by a second-class 
particle, the particles switch positions. If a second-class particle attempts to jump to a site occupied 
by a first-class particle, the jump is blocked. Observe that the second-class particles do not affect the 
first-class particles, or in other words, the projection to the first-class particles is Markov. 

This paper will introduce so-called “semi-second-class” particles. These are particles which can not 
jump over the first-class particles; however, their presence can influence the jump rates of adjacent first- 
class particles. Thus, the projection to first-class-particles is not Markov. These particles will also be 
called “type 1 ” and “type 2 ” particles. 

Two particular sets of values for the jump rates will be studied in detail. In these two cases, we will 
show that the processes are self-dual and explicitly write the duality function. The duality is proved 
using symmetry of the rank two quantum groups U q (gl 3 ) and U q (s p 4 ). The use of algebra symmetries 
to prove duality has a well-established history (e.g. na,Ea, 0 ,El)- The proofs in this work follow the 
method laid out in [9j. Recent work mm has also developed proofs for duality using more “direct” 
(that is, without algebra) methods. It has also been previously known that ASEP with second-class 
particles is integrable (e.g. ED and satisfies U q (g 1 3 ) symmetry [2], but the explicit representations had 
not been constructed. Similar models have also been shown to be integrable (e.g. mm)- 

The remainder of this paper is organized as follows: section [2] gives an explicit description of the 
processes, states the duality results as well as an application, and state the quantum group symmetry. 
Section [3] reviews the background on quantum groups and constructs a central element necessary for the 
proof. Section [4] finishes the proofs for the U q (sp 4 ) case, and section [5] finishes the proofs for the Zi 9 ( 0 l 3 ) 
case. 

During the writing of this paper, another paper [5] was posted to arXiv with similar results. That 
paper studies the process arising from U q (p 1 3 ) symmetry and finds a duality function similar to the one 
presented here. The approach is different in that it uses the Perk-Schultz quantum spin chain [TB] to 
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construct the representations, rather than explicitly constructing a central element. That paper also 
explicitly constructs all invariant measures and proves an interesting sum rule for the duality functions, 
neither of which are addressed here. 

Acknowledgments. The author would like to thank Alexei Borodin and Ivan Corwin for helpful 
conversations. The author was partially supported by a National Science Foundation Graduate Research 
Fellowship. 


2 Overview 

2.1 Description 

Consider a one-dimensional lattice. Each lattice site has three possible states: either empty, occupied 
by a first-class particle, or occupied by a semi-second-class particle. Describe a particle configuration 
by £ = {£i} where £; £ {0,1, 2} for each lattice site i, corresponding to an empty site, occupation by a 
first-class particle, and occupation by a semi-second-class particle, respectively. 

Each particle has two independent exponential clocks, one for left jumps and one for right jumps. 
The rate of the left clock depends on the state of the site to the left of the particle, and the rate of the 
right clock depends on the state of the site to the right of the particle. Let L(i,j) denote the rate of the 
left clock of the i-th class particle when the site to the left has state j, and similarly denote R(i,j). 

The particles interact according to the following rules: If a first-class particle attempts to jump to a 
site occupied by a semi-second-class particle, then the particles switch positions. If a semi-second-class 
particle attempts to jump to a site occupied by a first-class particle, the jump is blocked. This implies 
that 

L(2,1) = R{2, 1) = 0. 

If a first-class particle attempts to jump to a site occupied by another first-class particle, then the jump 
is blocked. The same holds for the semi-second-class particle. This means that 

L( 1,1) = L( 2, 2) = R( 2, 2) = R{ 1,1) = 0. 

This leaves six remaining jump rates, L(l, 0), R( 1, 0), L( 2, 0), R( 2, 0), L( 1, 2), R( 1, 2). Observe that if 

L(1,0) =L(1,2), .R(l, 0) = R(l, 2), 

then the first class particles evolve independently of the semi-second-class particles. In other words, 
the behavior of the first-class particles is Markov. In this case, the semi-second-class particles have 
been described in the literature as second-class particles (see e.g. |T8l ll9jb In general, however, the 
semi-second-class particles still affect the jump rates of the first-class particles, even if they can not 
jump over them. Also observe that if the six jump rates are all multiplied by the same positive constant, 
then this corresponds to rescaling the time, and hence has no effect on the interaction of the particles. 
In this paper, we will consider two particular sets of values for the jump rates. The first is when 

L(l, 0) = L(2, 0) = L{ 1, 2) = 1, R{ 1, 0) = R{ 2, 0) = R{ 1, 2) = q~ 2 . 

This is called spin 1/2 type A 2 ASEP, or ASEP with second-class particles. Here, the asymmetry pa¬ 
rameter is q for all particles. The second set of values for the jump rates is when 

L(l, 0) = L(2, 0) = 1, L(l, 2) = a, R(l, 0) = R(2, 0) = q~ 2 , R(l,2) = aq~ 4 , 

where a solves (q~ 4 + q 6 )a = q 2 (q 2 + q ~ 2 ) 2 . This is called spin 1/2 type C 2 ASEP . In other words, 
the asymmetry parameter is q for particles of type 1 and 2, and q 2 when particles of type 1 and type 2 
interact. The reasons for the names will become clear later in the paper. 

2.2 Duality results 

Let us review the definition of duality. 
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Definition 2.1. Suppose that X(t) and Y(t) are Markov processes on state spaces X and Y respectively. 
Given a function D on X x Y, let Sd C X x Y be the set of all (x,y) such that 

E x [D(x(t),y)] =E v [D(x,y{t))], 

where on the left hand side, the process x(t) starts at *(0) = x, and on the right hand side, the process 
y(t) starts at y( 0) = y. If Sd = X xY, then we say that X(t) and Y ( t ) are dual with respect to D(x, y). 
If furthermore, X(t) and Y(t) are the same process, then we say that X(t) is self-dual. 

In order to write the explicit formula for the duality functions, define 


N iiv) = 

3 = 1 
L 

Ni*(v) = E W°}’ 

j=i +1 


i — 1 

3 = 1 

L 

Nr R (v)= E 

j=i +1 


Theorem 2.2. In the A 2 case, if £ is the particle configuration with particles of type 1 at n\,... ,n r and 
particles of type 2 at mi,..., m r i, then the function D(-, •) defined by 


DM = II 1 


{fin s =l}9 


2iV« (u) + 2n s 


II 0}9 

s' = l 


2 N% ( ( jj ) + 2 m a 


is a self-duality function. 

This function is similar to Proposition 2 of m or (3.12) of [IS] , Indeed, if £ only contains type 2 
particles, one recovers the self-duality function for the projection of type A 2 ASEP to the number of 
particles, which is still ASEP. If f only contains type 1 particles, one recovers the self-duality function 
for the projection of type A 2 ASEP to the type 1 particles, which is again still ASEP. 

In the C 2 case, we give two duality functions: 

Theorem 2.3. (1) In the C 2 case, the function 


D{y,V) = n (l {fi=JK =i}<7 2(l 1] + l{ iz=Vi =2}q 


2(i-l+Nf(r,)+Nf(,0) 




2(Nf ( V )+i-l+2Nf(0-Nt (O) 


is a self-duality function. 

(2) In the C 2 case, there is a function D such that 

S D = {0,1, 2} l x (0,l} i . 

Explicitly, if for ni < ... < n r , the particle configuration ((”' is defined by 

^(n 1 ,...,n r ) _ J 1) i {^1; ■ ■ • ) 

(0 ,i £ {m,..., n r } 

then 

. nr) ) = El km.#*yq 2 < M+2n ° 

S= 1 

Remark. Theorem 12.31 21 can also be stated as “spin 1/2 type C 2 ASEP is dual to usual ASEP with 
respect to D.” Also observe that the function D(-, •) only detects the number, not the type, of particles. 
The projection of type A 2 and C 2 ASEP to particle occupation is simply the usual ASEP, and the 
duality function matches that from [lFI. The interest lies in that D(-, •) can be constructed from the 
representation theory of U q (sp 4 ), which will be seen below. 
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2.3 Construction 


In [9], there is a general description of how to construct particle systems from quantum groups, as well 
as finding self-duality functions for these particle systems. Let us review the idea in several steps. 

The first step is to consider the quantum group ld q (g) for some finite-dimensional simple Lie algebra 
g. Find an explicit central element G £ U q (n-)U q (t))U q (n+). 

Next, consider a finite-dimensional irreducible representation V of U q {g) with a basis vi,... ,Vd con¬ 
sisting of weight space vectors. If vi denotes the highest weight vector and Vd denotes the lowest weight 
vector, then compute the value of a for which A(G)(vi 0ui) = avi 0vi. Now compute the d x d matrix of 
A := A (C — a) acting onL®V with respect to the basis {vi 0 Vj , 1 < i, j < d}. Observe that since C — a 
is still central. Assume that this matrix has non-positive diagonal entries, and non-negative off-diagonal 
entries (this will not always be true). 

Now consider the operator on V® L defined by 

L-l 

y l® i_1 0 A 0 _ 

i=l 

Suppose that we have a vector g £ y® L such that A^g = 0. It is possible to find such a vector by 
applying elements of U q (n+) to the lowest weight vector Ud0- ■ -<B)Vd (in physics language, this is applying 
creation operators to the vacuum state). Write g in terms of the canonical basis 

y g(ii, ■ ■ ■ ,iL)v tl 0 • • ■ 0 v iL 

1<*1,. <d 

Assume that g(ii,... , il) is always positive and define G to the diagonal operator on V® L defined by 


G(u» x ® • • • <0 Vi L ) = g(ii,. .., 0 • • • 0 v iL . 

By the assumptions on A, the matrix £ = G -1 A^G is the generator of a continuous-time Markov chain 
on the state space ( 1 ,..., d} L . 

Finally, if A^ is self -adjoint on V® L and S is an operator that commutes with A, then D = G 1 SG 1 
is a self-duality function for the particle system generated by £. 

This paper will consider the situation in which g = sp 4 or gf 3 and V is the fundamental representation. 
The precise statements are as follows: 

Theorem 2.4. There exists a central element C £ ld q (g l 3 ) and an operator G on V® L such that for 

L -1 

A {l) := ^ 10 * _1 ® A (C) ® 

i= 1 

G~ 1 A( l ^G is the generator of spin 1/2 type Ai ASEP on the lattice (1,..., L} with domain wall boundary 
conditions. 

The self-duality function in Theorem \2.2\ is of the form G _1 5'G _1 for a symmetry S of A^ L \ 

In the following theorem, the notation for A ^ and A are the same. 

Theorem 2.5. There exists a central element C £ U q (s p 4 ) and operators G e on V® L such that the limit 
lim e ^o Gp'A^Ge is the generator of spin 1/2 type C 2 ASEP on the lattice {1,..., L} with domain wall 
boundary conditions. 

The functions in Theorem \2.3\ are of the form G~ 1 SG ~ 1 for a symmetry S of A ^. 


3 Central Element 

The first step is to find a suitable central element in U q (g). This will be done with the quantum Harish- 
Chandra isomorphism. In principle, one could directly check that the resulting element is central using 
only the commutation relations, but the whole proof is presented here in order to make the construction 
less mysterious and more applicable for other Lie algebras. 


4 


Given a simple Lie algebra g of rank n, the quantum group U q (q) is the Hopf algebra generated by 
{d, fi, ki}, 1 < i < n with relations 

[e» , fj ] » Sij ——, [ki, kj ] = 0 
qi-ii 

[ei,ej] = [fi,fj]= 0, i/j + 1, 

foej = ejki kifj = fjki 


where 


and 


E 


- ( m) q \(n- m) g \ ’ (n),! ~ II (n) « - 

2 (ai,otj) 


1 3 I r a ij r 


(Oij ,OLj )/2 

q. = q \ 


q-q~ 


***3 — / \ 

yQti , Oti ) 

is the Cartan matrix. (Recall that (a;,ai) = 2 for short roots and 4 for long roots.) The co-product is 
A (ei) = a ® 1 + h ® a A (fi) = 1 <S> fi + fi® k~ x 


and the antipode is 

S( ei ) = -k- 1 ei S(fi) = -fiki, S(ki) = k-\ 

We will also use Greek letter subscripts k a to denote the ki, when it is notationally more convenient to 
do so, and k a +p denotes k a kp. 

Letting b± denote the Borel subalgebras, there is a pairing (see Proposition 6.12 of [15]) on U q (b ~) x 
U q (b+) defined by 


(k a , kp) = q ( “’ /3) e, ( fi,ej) = 


—5i 


qi - q t 


(ki, ej) = (fi, kj) = (1, ei,) = (fj, 1) =0, (1,1) = 1 


(y, x ■ x) = (A (y), x ® x), (y ■ y , x) = (y ® y , A(x)) 
where (•,-)g is an invariant, non-degenerate invariant symmetric bilinear form on f)*. Furthermore, 
according to Lemma 6.16 of 115] , 


(u(x),u(y)) = (y,x) = (r(y),r(x)) 


(1) 


where uj is the automorphism and r is the antiautomorphism defined by 

w(ei) = fi, ui(fi) = d, u(ki) = fc " 1 
r(ei) = ei, r(/j) = fi, r(fci) = k~ x 

Let V be the fundamental representation of g and let {u M } be a basis of V such that v M € V[p], the 
/r-weight space of V. For any p > A such that V(p\ and V[A] are nonzero, let e^x and fx^ be elements 
of U + and U~ respectively such that e^xvx = and fx^v^ — vx, Let p be half the sum of the positive 
roots of g, and recall that (2 p, a) = (a, a) for the simple roots a. 

Lemma 3.1. If q is not a root of unity and 2p is in the root lattice of g for all weights p ofV, then the 
element 

E q^-^q-^eUk-x-vfx, (2) 

li>X 

is central in W<j(g), where the star * denotes the dual element under (, ■, •). 


Proof. By following the construction of the Harish-Chandra isomorphism in m, one sees that 
E ? _(2p,A) q~ < ' 2p '" ) e^xkvk-zx-ivfxv., v := p - A 

H>\ 

is central, which simplifies to ©. □ 


5 







3.1 sp 4 

Recall that sp 2 „ is the rank n Lie algebra consisting of 2 n x 2 n matrix of the form 

{( C ® ):^ = -C T ,S = B T ,C = C-} 

Letting Eij denote the matrix with a 1 at the (i, jf)-entry and zeroes elsewhere, define 

Ci — 1 En-{-i+l,Ti+i, fi — Ei-^. l,i ^n+i,n+i + l 

Cn — En,2ni fn — E2n,n hn — En^n E2n,2n 

The simple roots and fundamental weights are 


oti = ti — ei+i, 1 < i < n — 1 

CKn — 2€n, 

CUi = €l + €2 + ' ' ' T Cri, 1 < f < 71 

where ti(M) = M;;. We have that ( ai,ai ) = 2 for 1 < i < n — 1 and (a n ,a n ) = 4. We have that 
(a n _i,a n ) = — 2. When n = 2, the Cartan matrix of sp 4 is simply 



The Dynkin diagram of sp 4 is of type C 2 , hence the notation. To make notation clearer, k (i,_i) denotes 
k\ and fc(o, 2 ) denotes 

Let V be the fundamental representation of sp 4 . It has a basis Vi, U 2 , U 4 , U 3 which are in the weight 
spaces 61 , 62 ,- 62 ,- 61 . It is immediate that the condition of lemma mi holds. Index these and order 
them byl>2>2>l. We have that 



Here, the sum of the positive roots is 
So that 


2 p = 4ei + 2e2 


(-2 P,M) 


'-4, H = 1 

- 2 , /I — 2 

2 , n = 2 

.4, /r = I 


In order to write the central element, the dual elements need to be calculated: 
Lemma 3.2. The dual elements are: 


(3) 


(ei)* 

(e 2 )* 

(eie 2 )* 

(e 2 ei)* 

(eie 2 ei)* 

(e 2 eiei)* 

(eieie 2 )* 

(/1/2/1)* 

(/2/1/1)* 

(/1/1/2)* 


-(q-q - 1 )/1, 

-(q 2 - q _ 2 )/2, 

(q - q _ 1 )(q 2 /i / 2 - /2/1), 

(q - q _ 1 )(q 2 / 2 /i - /1/2), 

(q - q _ 1 )(q/i/i / 2 - (q _1 + q 3 )/i/ 2 /i + q/2/1/1) 


(/l(q 2 /2/l - /1/2) - (q 2 /2/l - /l/2)/i) 

q + q 

^-p^(q 2 /i/2 - /2/0/1 - /i(q 2 /i/2 - /2/1) 


(q-q 1 )(qeieie 2 - (q 1 + g 3 )eie 2 ei + qe 2 e 1 e 1 ) 


q - q 

q + q - 


Y (ei(q 2 e 2 ei - eie 2 ) - (q 2 e 2 ei - eie 2 )ei) 


q + q 


— (q 2 eie 2 - e 2 ei)ei - ei(q 2 eie 2 - e 2 ei) 


(/1/2)* 

(/2/1)* 


(/ 1 )* = -(q-q _1 )ei 
(/ 2 )* = -(q 2 - q _ 2 )e 2 
(q - q _ 1 )(q 2 eie 2 - e 2 ei) 
(q - q _ 1 )(q 2 e 2 e 1 - eie 2 ) 
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Proof. The first two lines follow immediately from the definition of the pairing. For the next two lines, 
we have that 


By Q, 


Furthermore, 


</i/ 2 ,eie 2 > = (/ 2 ®/i k 2 1 ,e 2 ®ei) 

= (h,e 2 ){fi ®fc^" 1 ,ei ® 1) 
= (g 2 -q- 2 )- 1 ( ? -g - 1 )- 1 

{/ 2 / 1 , e 2 ei) = ( q 2 - q~ 2 )~ 1 (q - 


(/ 1 / 2 , e 2 ei) = (/1 ® / 2 , fc 2 ei ® e 2 ) 

= (/1 ® &r\ei ® fc 2 )(/ 2 ,e 2 ) 
= 9 (9-9 ) (9-9 ) 


and 


(/ 2 /i,eie 2 ) = (/ 2 ® / 1 , fcie 2 ® ei) 

= (h ® fcr\e 2 ® fci>(/i,ei> 
= 9 (9-9 ) (9-9 ) 


This proves lines three and four. 

Now for the remainder of the lemma. We have that 


((eie 2 )*/i, eie 2 ei) = ((eie 2 )* ® / 1 , eie 2 fci ® ei) 

= (A((eie 2 )‘), fci ® eie 2 )(ei,/i) 

= {kik 2 ® (eie 2 )*, fci ® e 1 e 2 )(e 1 ,f 1 ) 

= -( g - g - 1 )- 1 

and also 

(/i(eie 2 )*, eie 2 ei) = (/1 ® (eie 2 )*, kik 2 ei ® eie 2 ) 

= </i, k\k 2 e{) 

= (/i,ei)<fc, x ,k\k 2 ) 

= -(9-9“ 1 )“ 1 

and additionally 

((eie 2 )*/i, e 2 eiei) = 0 
because eie 2 is not possible as a left tensor factor. Continuing, 

((eie 2 )*/i, eieie 2 ) = ((eie 2 )* ® / 1 , eifcie 2 ® ei + fcieie 2 ® ei) 

= (1 + 9 _2 )((eie 2 )* ® fi,kieie 2 ® ei) 

= -(l + g- 2 )(g-g- 1 )- 1 

and 

(/i(eie 2 )*, eieie 2 > = (/1 ® (eie 2 )*, eifcifc 2 ® eie 2 + fcieife ® eie 2 > 
= (1 + q 2 ){fi ® (eie 2 )*, eikik 2 ® eie 2 ) 

= -(l + 9 2 )(9-9“ 1 )- 1 
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So we see that 


and that 


Furthermore, 


and that 


((eie 2 )*/i - /i(eie 2 )*, eie 2 ei) = 0 

((eie 2 )*/i - /i(eie 2 )*,eieie 2 ) = (g 2 - g _2 )(g - g -1 ) -1 = g + g _1 
((eie 2 )*/i - /i(eie 2 )*, e 2 eiei) = 0 

((eie 2 )*/i - g _ 2 /i(eie 2 )*, eie 2 ei) = (-1 + g _2 )/(g - g -1 ) = -g ^ 1 
((eie 2 )*/i - g _ 2 /i(eie 2 )*, eieie 2 ) =0 
((eie 2 )*/i - g _ 2 /i(eie 2 )*, e 2 eiei) = 0 

((e 2 ei)*/i, eie 2 ei) = ((e 2 ei)* ® /i, fcie 2 ei ® ei) 

= -( g - g “ 1 )- 1 


(/i(e 2 ei)*,e 2 eiei) = (/i ® (e 2 ei)*, fe 2 fciei ® e 2 ei + fc 2 eifci ® e 2 ei) 
= (1 + q~ 2 ){fi ® (e 2 ei)*, fefciei ® e 2 ei) 

— —(i + q~ 2 )(q — g -1 ) -1 


and 


((e 2 ei)*/i,e 2 eiei) = ((e 2 ei)* ®/i,e 2 ei ® fc 2 fciei + e 2 ei ® fc 2 eifci) 
= (1 + g 2 )((e 2 ei)* ® /i,e 2 ei ® k 2 k iei) 

= -(i + g 2 )(g-g' 1 )- 1 


So so that 


((e 2 ei)*/i - /i(e 2 ei)*, eie 2 ei> = 0 
((e 2 ei)*/i - /i(e 2 ei)*, eieie 2 ) = 0 

((e 2 ei)*/i - /i(e 2 ei)*, e 2 eiei) = (g -2 - g 2 )(g - g -1 )” 1 = -(g + g _1 ) 

So that 

(eie 2 ei)* = (g - g - 1 )(g - 1 /i(e2ei)* - g(e 2 ei)*/i) 

= (g - g” 1 ) (g _1 /i(g 2 /i/2 - /2/1) - g(g 2 hh - hh)h) 

= (g - g _ 1 )(g/i/i/2 - (g _1 + g 3 )/i/2/i + g/2/1/1) 

(e 2 eiei)* = ^ + ^_ 1 (/i(g 2 /i/2 - /2/1) - (g 2 /i/2 - /2/O/1) 
(eieie 2 )* = ^ + ^_ 1 ((g 2 /i/2 - /2/O/1 - /i(g 2 /i/2 - /2/1)) 


which is lines five through seven. Lines eight through ten follow from ©■ □ 

Proposition 3.3. //g is no£ a roof of unity, the element 

q 4 fc(— 2 , 0 ) + g 2 fe(o,- 2 ) + g 2 ^(o, 2 ) + g 4 fc( 2 ,oj 

+ g _3 (g - g _1 ) 2 /ifc(-i,-i)ei + g _3 (eie 2 )*fc ( _ M) (/ 2 /i)* + (g 2 + q~ 2 )f 2 e 2 

+ g _2 (eie 2 ei)*(/i/ 2 /i)* + g _1 (e 2 ei)*fc ( i,_i)(/i/ 2 )* + g 3 (g - g -1 ) 2 M(i,i)ei 
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— q 4 fc(- 2 , 0 ) + 9 2 ^( 0 , — 2 ) + ? 4 &( 2 , 0 ) + <? 2 fc( 0 , 2 ) 

+ (9 - 9 _1 ) 2 9 _3 /ifc(-i,-i)ei + (9 - 9 _1 ) 2 9 3 M(i,i) e i + (9 2 - q~ 2 ) 2 f 2 e 2 

+ (9 - 9 _ 1 ) 2 ( 9 _1 (9/1/2 - 9 _ 1 /2/i)fc(-i,i)(9e2ei - ? _ 1 eie 2 ) + q(qf 2 fi - 9 _ 1 /i/ 2 )%,-i) ( 9 eie 2 - 9 _ 1 e2ei)) 
+ (9 - 9 3 ) 2 (/1/1/2 - (9 2 + 9 2 )/i/ 2 /i + /2/1/1) (eieie 2 - ( 9 _2 + 9 2 )eie 2 ei + e 2 eiei) 
is central inU q (sp i ). 

Proof. Use © and ©. The terms with /j, = A yield 

9 4 ^(- 2 ,o) + 9 2 ^(o,— 2 ) + 9 2 ^(o,2) + q 4 k( 2 , 0 ) 

Furthermore, /r = 1 > 2 = A yields 

9 _3 (9 - 9 _1 ) 2 /ifc(-i.-i) e i 

and /r=l,2>2 = A yields 

q~ 3 {eie 2 )' t k(^- 1 ,i)(f2.fi)* + (q 2 + q~ 2 )f2e 2 

and /r = l,2,2>l = A yields 

q 2 (eie 2 ei)*(fif 2 fi)* + q^ 1 {e 2 ei)*k (1 ^_ 1) {f 1 f 2 )* + q 3 (q - 9 _1 ) 2 /ifc(i,i)ei 


□ 


One can check (with some calculation) that this element acts as g 6 + q 2 + q 2 + q 6 times the identity 
on V, which is consistent with the Harish-Chandra isomorphism. 


3.2 gl 3 

Recall that is the rank n — 1 Lie algebra consisting of all traceless n x n matrices. Set 

ei — Ei.i- j- 1 , fi — hi — Eii Ei+l.i+l 

The simple roots and fundamental weights are 

a; = e; — e-i+i, 1 < i < n — 1 , 
w» = ei + ... + e„, 1 < i < n, 

where ti(M) = Mu. When n = 3 the Cartan matrix is 

2 -1 
-1 2 

and the Dynkin diagram is A 2 . Denote ki,k 2 G Uq^sif) by fc(i,_i, 0 ) and &(o,i,-i) respectively. 

The Lie algebra gl 3 is the central extension of 0(3 by the 3x3 identiy matrix. In terms of quantum 
groups, this corresponds to a central extension by the element £( 1 , 1 , 1 ) 

It was shown in m that the following element is central: 

C := (9 — 9 1 ) 2 q 2 ^ — (9 “ + l + 9 6 ) + 9 2 fc( 2 ,o,o) + ^( 0 , 2 , 0 ) + 9 2 fc(o,o, 2 ) 

+ (9 - 9 _ 1 ) 2 (9 _ 1 %,i,o)ei/i + qk( 0 ,i,i)e 2 .f 2 + g£(i,o,i) (eie 2 - q~ 1 e 2 ei)(f 2 fi - q _ 1 /i/ 2 ))) (4) 


9 


4 Type C 2 ASEP 

4.1 Notation 

Because different authors use slightly different notation, it is necessary to first establish notation for this 
paper. The highest weight vector of the fundamental representation V is denoted Vi, and the lowest 
weight vector is denoted V 3 (it is essentially a coincidence that V 3 is the lowest weight vector in both 
the A2, C2 cases). The lowest weight vector corresponds to an empty site, and the highest weight vector 
corresponds to a completely full site. In the A 2 case, this means that V 3 is an empty site, V 2 is a particle 
of type 1 and m is a particle of type 2. In the C2 case, this means that V 3 is an empty site, va is a 
particle of type 1, V 2 is a particle of type 2 and ui is a site occupied by both a particle of type 1 and 2. 
The vacuum vector = vf L corresponds to L lattice sites all completely empty. 

There are two creation operators ei,e 2 - In the A 2 case, the operator e 2 creates a particle of type 2 
and the operator ei replaces a particle of type 2 with a particle of type 1. The annihilation operator 
/1 replaces a particle of type 1 with a particle of type 2, and /2 annihilates a particle of type 2. In the 
C 2 , case the operator ei creates a particle of type 1 and e 2 replaces a particle of type 1 with a particle 
of type 2, and similarly for /i,/ 2 - In a sense, ei,/i are more accurately called “replacement” operators 
instead of creation and annihilation operators. In the C 2 case, Vi corresponds to a site with both a type 
1 and a type 2 particle. 

Under this identification, the generator C of a Markov process Xt on the state space (0,1, 2} L can be 
identified as a linear operator on U® . An initial condition can be expressed as a vector Ao € U® by 

Aq :=^P(A ' 0 =v) 


Here, and below, the summation is over pure tensors of the form Vi x ® ® Vi L . A random variable 

O on {0,1, 2} l can be identified with a diagonal operator on V® L via v (->• 0(v)v. The same letter O 
will refer to both the random variable and the operator. 

The inner product (•, •) on V® L is defined by 

{Vi! ®---®v iL ,v jl ®---®v jL ) = S il=jl . iL=jL 

This is essentially the usual bra-ket notation. The expectation of a random variable O at time t of a 
Markov process with generator C and initial condition Ao can be computed as 

Y^{w,Oe tc A 0 ). 


4.2 Construction 

Let C be the central element in Proposition m and let A be the operator on V ® V defined by 

- g- J )- 2 A (C - ( q - 8 + g - 2 + q 2 + q S )) . 

Note that V®V has the decomposition into nine different weight spaces (where W(a, b) refers the at 1 +bt 2 
weight space of the representation W) 

V®V = (V® V)[2, 0] © (V ® V)[l, 1] ® (V ® V)[0, 2] ® (V ® V)[l, -1] ® (V ® U)[0, 0] 

= (V ® V)[-l, 1] ® (V ® V)[0, -2] ® (V ® V)[-l, -1] ® (V 0 V)[—2, 0] 

which have dimensions 1, 2,1, 2, 4, 2,1, 2,1 respectively. Order the basis elements of V ® V as 

Vl®Vl,V 2 ®Vl,Vl<E) V 2 ,V 2 ® V2,V4 ® Vl,Vl ® Va, V 2 ® Va, va ® V2,V3 <® Vl,Vl ® V 3 , 

V3 ® V 2 ,V 2 ® V3,VA ® Va,V3 ® Va,Va ® l’3,V3 ® V3- (5) 

This ordering preserves the ordering of the weight spaces. 

As explained in Section [2.31 the operator A needs to be conjugated with a diagonal operator corre¬ 
sponding to an eigenvector of A with eigenvalue 0. 
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Lemma 4.1. The following are linearly independent eigenvectors of A with eigenvalue 0: 


03 0 03 

G(U 

® V) [ 2 , 0 ] 

ei(v 3 

0 u 3 ) 

€(V 

®V)[ 1 , 1 ] 

e?(u 3 

0 03 ) 

e(v 

0 U)[ 0 , 2 ] 

e2ei(u 3 

0 03 ) 

G(U 

®V)[1,-1] 

e 2 e?(v 3 

0 u 3 ) 

€(U 

®V)[0,0] 

eie 2 ei(v3 

0 03 ) 

G(U 

®V)[0,0] 

e?e 2 ei(u3 

0 03 ) 

G(U 

®V)[-1,1] 

(e 2 ei) 2 (u3 

® 03 ) 

G(U 

® V)[ 0 ,- 2 ] 

ei(e 2 ei) 2 (u 3 

® 03 ) 

G(U 

®V)[-1,-1] 

e?(e 2 ei) 2 (u 3 

0 v 3 ) 

G(U 

®V)[-2,0] 


So the 0-eigenspace of A is at least 10-dimensional. 

Proof. This follows because C(v 3 ( 803 ) = (q~ s + q ~ 2 + q 2 + q s )v 38^3 and A commutes with U q (sp 4 ). Note 
that e 2 ef and eie 2 ei produce linearly independent eigenvectors because the latter has vi ® 03,03 ® 01 
terms and the former does not. □ 


Because C € U q (s p 4 )[0], it follows that A must preserve each summand in the weight space decom¬ 
position, so A decomposes into a block matrix with 9 blocks. By Lemma 14.11 for the 1-dimensional 
weight spaces with weights ( 2 , 0 ), ( 0 , 2 ), (— 2 , 0 ), ( 0 , — 2 ), the corresponding block matrices are lxl zero 
matrices. Therefore A has five non-zero blocks corresponding to (1,1), (1, —1), (0,0), (—1,1), (—1, — 1), 
with sizes 2, 2, 4, 2, 2 respectively. Write this decomposition as 


A — q 2 (q 2 +q 2 ) 2 (^(ip) + j 4 ( i ,- i ) + ^(0,0) + ^(-1,1) + i)) 

Lemma 4.2. As matrices with respect to the ordered basis in m, 


/ -«V + <r a ) a 

(q 2 + q~ 2 ) 2 

-q~ 3 + q- 1 + 2q 3 

-2 q- 1 -q 3 + q 5 

(q 2 +q~ 2 ) 2 

-<TV + <T a ) 2 

<T 5 - q~ 3 - 2 q 

2 q~ 3 + q~q 3 

-q~ 3 + q- 1 + 2 q 3 

q 5 -q 3 ~2q -q~ 

- 4 + q~ 2 - 1 - 2q A - q 6 

(q 2 +q~ 2 ) 2 

\ -2 q- 1 -q 3 + q 5 

2 q~ 3 + q-q 3 

{q 2 + q~ 2 ) 2 

-q~ 6 - 2q~ 4 - 1 +q 2 

II 

7 

ll 

7 

( -(<7" 4 + 9 6 ) 

1 1)_ l ( q~ 5 +q 5 ) 

(q~ 5 + q 5 ) \ 

-( q~ 6 + q 4 ) J 



Proof. By the definition of the co-product, the matrices for the generators can be written explicitly. For 
1 < i, j < 16, let Eij denote the matrix with a 1 in the (i,j)-entry and 0 elsewhere. Then 


ei = £12 + qE \ 3 + q 1 £24 + £34 + qEer + Eq % + £59 + q£s,io + q *£9,11 

+ £lO,ll + £7,12 + q 1 L'8,12 + ?£l3,14 + £l3,15 + £l4,16 + <7 1 ^'1S,16 

fi = q 1 E 2 i + £31 + £42 + qE /43 + q *£95 + £10,5 + Ere + q 1 Eg 6 + q£i2,7 

+ £l2,8 + .Ell,9 + gEll,l0 + £44,13 + q 1 £l5,13 + g£l6,14 + £l6,15 

e2 = £2,5 + £3,6 + Q 2 £4,8 + £4,10 + £8,13 + q 2 £l0,13 + £12,14 + £11,15 
/2 = £5,2 + £6,3 + £8,4 + q 2 E 10,4 + <7 2 £l3,8 + £l3,10 + £l5,ll + £l4,12 
k ( a , b ) = diag ( q 2a , 


a-\-b a-\-b 2b a — b a — b 1111 b—a b—a —2b —a — b —a — b -2a 1 

q ,q ,q ,q ,q ,1,1,1,1 ,q ,q ,q ,q ,q ,q 


Using Proposition 13.31 and explicit multiplication of 16 x 16 matrices yields the result. 


□ 
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Define the operator on V® L by 


L-l 

A = Y, l 0i_1 0 A ® 

i=l 


Lemma 4.3. For any u £ W 9 (sp 4 ), 

[A (I) ,A (i) W]=0. 

Proof. It suffices to prove this for u = d, fi, ki. Since A ^ L \ki) = kf L and 

[l® 1-1 , fef" 1 ] = [A, h 0 fci] = Jfef L - i " 1 ] = 0, 

this shows it for u = ki. Now we have that 

L—1 

A (i) (e) = Y ® A(e) ® l® 1 - 1 " 3 
j=i 

and that 

L—l 

fc® 3_1 ® A(e) 0 i® i— 1-3 , ^ l®^ 1 ® ^4 ® jOi-i-i 

i=l 

= [fc® 3_1 ® A(e) 0 i®- L - 1 -t ] i® 3 ” 2 ®^® + i®t ® ^4 ® 1 ®i-i-0+i)j 

because for all other j terms we can apply 


[1 ® 1, k 0 k\ = [A(e), 1 ® 1] = [A(e), A] = [k 0 k, A] = 0. 


This then equals 

|fc® 3 0 e 0 i® 1 -- 1 " 3 + fc® 3 " 1 ® e ® l® i-3 , I® 3 ” 2 ® A ® i® i - 1 -( 3 - 1 ) + ]® 3 ® A 0 i® i - 1 -( 3 +i)J 

= fe® 3 0 [e 0 1, A] 0 l i_2_3 + fc® 3-2 ® [k 0 e, A] 0 l® L ~ j 
Summing over j yields 

L -2 L L—2 

Y k ® j 0 [e 0 1, A] 0 l L " 2 " 3 + Y k<S>i ~ 2 0 [fe (0 e, A] 0 l® L - j = Y k® j 0 [A(e), A] 0 l L ~ 2 - j = 0. 

j—0 j=2 j=0 

The argument for / is similar. □ 

In Lemma Ea there is no value of q for which the off-diagonal entries of j4(o,o) are all non-negative, 
since the second row is — q 2 times the first row. This would indicate a “negative probability” of transi¬ 
tioning to a state with both a type 1 and a type 2 particle occupying a site. To get around this issue, 
we conjugate with a G t such that as e —>• 0, these “negative probabilities” converge to 0. 

Give V® L the standard basis B := { v q 0 ■ ■ ■ ®Vi L : ii ,..., ii, £ {1, 2, 3, 4}}. Partition B into B 1 UB 2 , 
where 

Bi := {wq 0 • • • 0 Vi L : ii,..., i L £ {2, 3,4}} 

Note that |&l| = 3 L and |jE?2| = 4. L — 3 L . 

Define the sets 


£1 = {e J 2 ei : 1 < j < k < L} 

£2 = {ele^ef : 1 <i<j<k<L} 

Let 12 be the vacuum vector vf L . We then have that 

e(S2) £ span(£>i) for all f € £ 1 , e(fl) ^ span(Bi) for all / £ £2 
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Let g e £ V® L be a vector in the kernel of A^ L \ and for x £ £>, define g e (x) to be the coefficient of x 
in g e . Suppose it satisfies 


gAx) > 0 for all x £ £>, lim gAy) = 0 for y £ £? 2 , lim gAx) > 0 for x £ £> 1 , (6) 

e —>-0 e —>-0 

Let G e be the diagonal matrix on V® L with entries G e (x,x) = ge(x). Let £ e be 

C e = G7 1 A {l) G € . (7) 

For a matrix S that commutes with A^ L \ let D € = G 7 1 SGf 1 ■ In the e —>• 0 limit, the subscript will be 
dropped. The idea for this construction of D comes from Proposition 2.1 of [5]. 

Proposition 4.4. If x £ span(Bi), then 

lim (y, CeDeix)) = lim (y, DeC*(x)) for all y £ span(£>i) 

e — e —^0 


(and this limit is finite). 

Proof. Since A^ is symmetric, 

CeDe = G7 1 A m SG7 1 = G7 1 SG7 1 G'A W G7 1 = D e £ 


so it remains to check that the limit is finite. But by ©. the limit can only be infinite if x or y is not in 
the span of Bi. □ 

In order to find an explicit g e satisfying ©, introduce some notation first. 

Definition 4.5. The q-analog of the exponential function is 

00 r V rl 

«p,W»E{^y 

71 = 1 1 


where 



The following is Proposition 5.1 from [9]. 

Proposition 4.6. Let {gi,ki : 1 < i < L} be operators such that kigt = 

k M := ki ■ ■ ■ hi, g {L) 9*^2 := kf 1 ■■ ■ kf 1 , 

2 = 1 


rgiki. Define 

9 W :=f>ft (<+1) . 
2=1 


Then 

exp r {g (L) ) = exp r (gi) • exp r (fc (1) g 2 ).exp r (k (L ~ 1 ) g L ) 

exp r{g (L) ) = exp r (gi/i (2) ). exp^L^h^) exp r (g L ) 


In this paper, the proposition will be applied with 


9i = 1 
h = 1® 


1 r 


1 ®L 2 


where e, k can be either ei, k\ or e 2 , fc 2 . Note that the L-fold co-product A^e is of the form gAl in the 
proposition. 

Now let 

g e '.= ( exp 9 4 ^A (i) e 2 j • exp 9 2 ^A (i) ei) + e ^ A (i) e j (v 3 ® ® v 3 ) (8) 

V e6£ 2 J 

It is immediate from the definitions that © holds. The fact that g t is in the kernel of A^ L) follows from 
Lemma E© The first statement in Theorem [23] can now be proved. 
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Theorem 4.7. The restriction of C to B\ is the generator of spin 1/2 type C 2 ASEP on {1 ,... ,L} with 
domain wall boundary conditions. 


Proof. We will use the lemma: 

Lemma 4.8. The generator of the generalized two particle type ASEP on {1,..., L} with domain wall 
boundary conditions is of the form 

l- 1 

y i® i_i ® h ® i 1 -- 4 - 1 

i =1 

where the matrix of H with respect to the basis (0,0), (0,1), (1, 0), (1,1), (2,1), (1, 2), (2, 2), (0, 2), (2,0) is 


/ 0 0 0 0 0 

0 —#(1, 0) L(l, 0) 0 0 

0 #( 1 , 0 ) — 7 ?( 1 , 0 ) 0 0 

0 0 0 0 0 

0 0 0 0 —L(l, 2) 

0 0 0 0 #( 1 , 2 ) 

0 0 0 0 0 

0 0 0 0 0 

\ 0 0 0 0 0 


0 0 0 0 \ 

0 0 0 0 

0 0 0 0 

0 0 0 0 

#( 1 , 2 ) 0 0 0 

-#( 1 , 2 ) 0 0 0 

0 0 0 0 

0 0 - 1 /( 2 , 0 ) #( 2 , 0 ) 

0 0 #( 2 , 0 ) -#( 2 , 0 ) 


Proof. Since the particles in two particle type ASEP only jump at most one site, and all the jump bond 
rates are the same, the generator can be written in that form. The matrix entries can be found from the 
definition of a generator of a Markov process. □ 

To finish the proof of the theorem, it remains to show that G _1 A^ G matches the expression in the 
lemma. From Proposition 14.61 G can be written in the form 


G(v) = gi(v) ■ ■ ■ gL(v)v, for v = Vi ± ® ■ • • <E) Vi L 

where gj (vt 1 ® ® Vi L ) only depends on the values of *i,..., ij irrespective of order. In other words, gj 

only depends on the cardinalities of the sets {k : 1 < k < j, ik = 0}, {fc : 1 < k < j, ik = 1}. Thus, 

L 

G~ 1 A^G(v) = J 2 I®'” 1 ® H ® l i_i ' 1 (u) 

i= 1 

where H = B~ 1 AB for some diagonal matrix B. 

Since g is in the kernel of A^ L \ each row of H must sum to 0. Conjugating by a diagonal matrix does 
not change the diagonal entries, so Lemma [4.21 shows that H has the necessary form. □ 


4.3 Duality 

We first prove an equivalent definition of duality. 

Lemma 4.9. Suppose that C is the generator of the Markov process X{t) on state space X. Let D be a 
function on X x X viewed as an operator in the sense of the formal sum 

D (y ) = D ( x ’y) x - 

xEX 

If Z , Y are subsets of X such that for all (z,y) G Z x Y 

{z,£D(y)) = {z,D£‘(y)) 


then Z x Y C Sd- 
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Proof. By definition 


e tC D{y) = e t£ (D(x, y)x.) 


= Y2 D ( x ’y) etc ( z ’ x ) z 

X,Z 

= ^Pt(z ->• x)D{x,y )z 

X,Z 


and 

£*e t£ (y) = Y2 D ( e * £ (2A ®) x ) 

X 

= Y^ D (. z ’ x ) etc (yi x ) z 

z,x 

= Y2^y x ) D ( z ’ x ) z 

z,x 

By the assumptions of the lemma this implies that for all 2 G Z and y G Y, 

^P t (2 ->• x)D(x,y) = -t x)D(z,x) (9) 

x a : 

which is equivalent to saying that for all 2 G y G Y, 

E,[£>(X(t),»)] = £,[£>(*,X(t))], 

which means exactly that (z,y) G <Sd- □ 

By Proposition 14.41 D can be used to obtain a suitable duality function. The difficulty lies in the 
simple fact: in the equation ©, ignoring the summation over states x with sites containing both a 
particle of type 1 and a particle of type 2 will not always leave the sum unchanged. However, certain 
duality functions will still work: 

Lemma 4.10. Suppose y,z are such that 

D(x, y) = D(z, x) = 0 for all x £ span(£>i) 


Then ( z,y ) G Sd- 

Proof. With the assumptions of the lemma, the summation over x G span(Bi) in © is 0, as needed. □ 

Now it remains to find proper duality functions D satisfying Lemma 14.101 There are two natural 
choices. The first is to consider 

S := exp 9 4 ^A (i) e2^ • exp 9 2 

and set D f = Gf 1 SGf 1 , with D = lirrq^o h) f . The idea behind this choice is as follows. In order for 
Lemma moi to hold, the symmetry S should not create a site with both a type 1 and a type 2 particle. 
Since ei creates a particle of type 1 and e 2 replaces a particle of type 1 with a particle of type 2, this 
holds as long as £ does not contain any particles of type 2. 

Below, recall that 

V 3 G V( —1,0), !) 4 G k(0,-1), 1)2 G k(0,1) 

Proposition 4.11. If (,i = 0,1 for all i, then 

S( v , £) = II 1 {ti<rn} ( l llU=0 ’ Vi * 0} (1{ ^ =1}_1{ ^ =0}) (g _2 ) 1{,) - =2> E }=i (1 «*= 0 -’»**°} +1 «*=i}) 

i =1 
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Proof. Use Proposition 14.61 Since e 2 and el act as 0 on V, it is equivalent to consider 

(1 + e 2 0 + k 2 0 e 2 ® 1 L ~ 2 ) ... (1 + (fc 2 )® (i_1) 0 e 2 ) 

(1 + ei ® l i_1 )(l + ki 0 ei 0 1 L ~ 2 )... (1 + (fci)® (i_1) ® ei). 
First, move the e 2 terms from left to right to get 

(1 + e 2 ® l i_1 )(l + ei 0 + k 2 0 e 2 0 l i_2 )(l + k\ 0 ei 0 1 L ~ 2 ) 

... (1 + (k 2 ) 0(L - 1} 0 e 2 )(l + (fci)® (i - 1} 0 ei). 
Due to the commutation relation fc 2 ei = q~ 2 e\k 2 , this produces the term 

L 


IK<r a ) 


2 '» 1 { T 7i = 2 } ^3 = 1 1 i = 0> 7 7i 7^0} 


i=l 

Next, applications of the e\ terms to £ yield 

L 


n- 

i=1 


Ej = l ( 1 {?3 = l}- 1 «i=0>) 


And then the applications of the e 2 yields 


rh^ 2 ) 




and combining all three lines gives the result. 
Recall 


□ 


Nk in) = Ki > i ■ Vj ± o}| 

Nk(v) = |{* < 3 ■ Vj ± o}| ■ 

For m < ... < n r , let be the state where £n a = 1 and all other = 0. As before, D is the 

vacuum vector. Proposition 14. Ill immediately implies: 

Corollary 4.12. We have 

L 

G(rf) := S{t),Q) = Y[q 1 irH*o } a-i)( q -y {m = 2 }Ni‘W 


G(£ 


(n 1 ,...,n r )', _ ^1-n. 


And 


s(v,t; (ni . nr) ) = Hhvn e m(<i~ 2 ) Hr ' a=2}N " aM II 9 1{ "^ 0}(2s “ i+1) (?“ 2 ) 1{,,i=2}Ar " 


(v) 


i=n s + 1 


= l 


{Vn 1 ,--,Vn r i t 0} 


[[(9" a ) lft ‘= 


=2}*»>) 


n n q i{vi9i ° }< ' 2s ~ i+i } 

s=0 i=n s + 1 


Theorem l2.3f 1) can now be proved. Suppose that rji = 2 exactly when i E {mi,..., mi} (and possibly 
1 elsewhere). Then 


s(i i,( ( "i’"" nr) )=i{ij ni ,...,?7„ r =^o} n 1 


-2 (rt) 
m k KU X 


r n s-\-\ 1 

n ii ? i{,,i?!o}(2s_i+i) 

s=0 i=n s +1 
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so that 


D(r,,t 


("l.'-.nrlj _ __ 


G(v) 


tVn 1 


n 


- 2 iv£ (ri) 
q " X 


- 7 1 {')i 7 i 0 }( 2s_i + 1 ) 


= 1 


{Vn 1 ,--,Vn r ¥ : 0} 


n n 

k= 1 s=0 i=n s -\-1 

L r ™ s +l — 1 

x ITg "*- 1 qhii* 0 }( 2 «-i+l) 

i=n s +1 


i=l s=0 

r n s + i — l 

=i{,n 1 ,...,,„^o } ri ( / 2(ri3 " i) n 9 1{ ^°> (2s) 

s=0 i=n s -\-1 

r 

_1 TT ,,2(^s-l) 2(JV^ £ 3 (7 ))-(t--s)) 

— Him ,•■■,»7n r ^0} 1 


— 2r — (i —l)r 1 I - , 

= 1 


2n s +2AT^ (ij) 


which is Theorem l2.3r 2i. 

Now consider the case when 

S = ea;p 9 4 . 

In this case, any £ will work. 

Lemma 4.13. 

sm = n +i«*=i.^= a >(« a ) E5 = ii « j=2}_i{ ^ =i> 


Proof. The applications of the ei only occur when = l,r/» = 2, and the lemma follows because fc(o, 2 ) 
maps i >3 to V 3 , V 4 to q~ 2 v 4 and i >2 to q 2 v 2 . □ 


Since 


we have 


G(p) = J| (i 1 ^^o}(i-i)( g - 2 )i { , i = 2 }Jv/'W 


= II (+ i{«»=w=2 } g 2(<_1+JV,f(,?)+Jv ^ (f)) + i« i=1 „ i= 2 } ( 9 2 )^ w+i - 1+2: ^ (1 ^-> 


which simplihes to the expression in Theorem 12.3I T). 


5 Type A<i ASEP 


Let C be the central element of U q (gl 3 ) from l|4|). 

Lemma 5.1. With respect to the basis ui®vi, U20U2, U3®«3, U 2 ®ui, «i<S>V 2 , V 3 ®vi,vi®V 3 , V 3 ®V 2 ,i’ 2 ®V 3 , 
the matrix of A(C) onV ®V is 


/ 0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
\ 0 0 0 


0 0 0 0 0 0 \ 

0 0 0 0 0 0 

0 0 0 0 0 0 

-q 2 q 0 0 0 0 

q -1 0 0 0 0 

0 0 -q 2 q 0 0 

0 0 q -10 0 

0 0 0 0 -q 2 q 

0 0 0 0 q -1 / 
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Proof. By computation: 


ei = q 1 E42 + £52 + £14 + q£is + E@s + Erg 
fi = q 1 £41 + £51 + £24 + ^£25 + £86 + £97 

1 t / 2 a 26 2 c a +6 a+b a+c a+c 

k(a,b,c) — cliag I q , q , g , # , g ,q ,q ,c 

e -2 = q 1 £83 + £93 + £46 + £57 + £28 + qE- 29 
fi ~ q 1 Es2 + £92 + £64 + £75 + £38 + ^£39 


□ 


The symmetry in this case is 


S := exp 5 2 ^A (L) e 2 ) • exp 9 2 (A (i) ei) 


Proposition 5.2. 

L 


S(v,£) = n ?l 


{«i=0,r, i7 !0} Ej = l( 1 «j=l- 1 « ;) -= 0 )^-l^ 1 {r /i = 2 ,« i7 i 2 } E) =1 (!«,; =0,^?!0} + 1 {{ J = 1}- 1 {« ;| =2}) 


i =1 


implying that 

L i _ 1 
G{rj) := S(7j,n) = [] ? 1 (’ii? !0 }( 1 - i )( g - 1 ) 1 hi= 2 }S j = 1 1 {, jS io} 

i= 1 

Proof. The argument is identical to that of Proposition 14.111 □ 


Therefore we see that 
Theorem 5.3. The operator 

C := G~ 1 A ( ' L) G 

is the generator of spin 1/2 type A 2 ASEP on {1, ...,£} with domain wall boundary conditions. 

The function 

D := G~ 1 SG ~ 1 

is a self-duality function explicitly given by the expression given in Theorem \2.2l 

Proof. The first statement follows from an argument similar to that of Theorem 14.71 The second state¬ 
ment is a direct computation using Proposition 15.21 □ 


By Proposition 15.21 




P £}=1 (!{{,, =l}- 1 {{ j =0})^-l'J 1 {r /i =2,{ i ^2} 55} = i(l{^=0,^ ^0}+ 1 {{ 3 '=l}- 1 {^=2>) 

i=l 

X q 1 {')i7 ? 0}(*- 1 )g 1 {>Ji=2} E,j—± 1 {>) 3 '7S0} gl{J i7 50} (* —1 )g 1 {Si=2} = i 1 {{ ;) ;40> 


which equals Y\i=i where /(•, •) equals 


1, if & = 0, ry = 0 
g E j= 1 i( 1 f«4= 1 >- 1 {f7=°}) .qi- 1 , if & = 0, Vi = 2 
. g -E‘:i(i { q=o,, 3 yo}+i { q=i } -i{q= 2 }) . q i-i+N?Qn), if £. = 0 7? . = 1 

g 2(i -i), if £>• — 2. ry — 2 
g -2ijCi(i { { ;j= o,^^o}+i{c J =i}- i {^=2})+2 (i-inNiw^ . f ^ = 2rii = l 

q 2(i-i)+Nf( S )+NtW^ Hi = hrli = 1 
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If there are s 2 type 2 particles and s type 1 particles in £ to the left of i, then this becomes 


1, if & = 0,^=0 

?S2 _ ( i_i— 2 —) . q i -1 = q 2s 2 +S' if = 0) v . = 2 
_ q 2r q i-1 = q 2s 2 +3s t if £. = 0j ^ = ! 

g 2(i - 1) , if £i = 2,r/i = 2 
q 2s+2(i - 1), if & = 2,77* = 1 

g2( *_i) +s+S2+ ^( f))j if ^ = lr? . = x 

The g 2s term in the fifth line and q 3+32 in the sixth line result in a contribution from the configuration 
of £. If £ has a total of r type 1 particles all to the left of r' type 2 particles, then the contribution is 
q(i i)r/ 2 +r r^ w j 1 j c } 1 j s constant with respect to the dynamics of Each time a type 1 particle jumps to 
the right of a type 2 particle, the contribution is unchanged, and hence remains a constant. 

Let £ denote the particle configuration with particles of type 1 at ni,..., n r and particles of type 2 
at mi,..., m r i. The sixth line yields 

v L v n s + l f v ™ s + l 1 

(?) — q s ^o}• ( r ~ s ) _ const q 1 l r H^°} ( r ~ s ) 

s =1 i= 1 s=0 i=n s +1 s=0 i=n s - 1-1 


This combines with the q 3 and q 3s in the second and third lines to contribute 


s ')q s l {v i i i °}q 2s l {ni=i} = const q 


2s ( N n s+1 M-K a M-i) 


s =0 i=n s -\-1 


Similarly, the 2s 2 contributes 


H fl q 23 ’ 1 ^ 0> = const -Q q 23 ’( N k' + i M - N ^s' W- 1 ) 


s' = l i=m s / +1 

Combining the terms yields 


13(77, 0 = const l{r,„ a =i}q 

S= 1 


, 2JV "„C) + 2 "S TT 1 n 2N ™ ,C) + 2m s 

11 ./^0}9 


which proves Theorem GU 

We remark that Theorem 12.21 provides a formula for the r + r' moments of the exponentiated current 
of type A 2 ASEP at distinct points. By following the argument in [14], it should be possible to write the 
moments at any points in terms of fc-particle evolution for k < r + r ', but this is not pursued here. 
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